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Abstract

When two concepts contain a common concept, overgeneralization (the phenomenon of over-
generalizing specific rules or semantic features) may occur in the process of learners gaining an
understanding of the two concepts in relation to each other. In order to analyze the overlap sin-
gularity and elimination singularity phenomena in singular regions, we constructed a learning
system that performs simulations on loss surfaces using neural networks. We first defined four
learning stages in the process of symbolic comprehension of the concepts of “permutations” and
“combinations” in high school and analyzed the change in training loss and the dynamics on the
loss surface. From this analysis, we propose learning guidance for mathematics teachers. As
an application of the learning system, we trained a neural network by inputting test data for a
technical college and analyzed the understanding of three of that college’s classes.

1 Introduction
Interrelationship problems can be thought of as problems that require consideration of the common
concepts of permutations and combinations to derive an answer. For example, consider the following
question: “How many ways are there to choose 3 people from the 10 members of a committee?”
The correct answer is 10P3, whereas the answer 10C3 is considered a semi-correct answer. In this
study, we separate the conceptual understanding of “permutation” and “combination” into two parts:
“symbolic understanding” and “semantic understanding”. If we classify mathematics problems into
categories of “semantic understanding”, the test in this case is to correctly judge the meanings of
“arrange” and “choose” in the question sentence. We attempted to apply the results of analyzing
the overlap singularity phenomenon and the elimination singularity phenomenon in singular regions,
as a method for visualizing the state of “semantic comprehension” ([4], [5]). Considering how to
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answer an interrelationship problem requires understanding the semantics and then symbols. To con-
sider a transformation of the concept of “arranging” in permutations, we need to analyze the state of
“symbolic comprehension” in learning mathematics.

2 Preparation for analysis
For more details on the basic definitions of learning theory, see [1], [2]. If we classify mathematics
problems into categories of “symbolic comprehension”, the test here is to correctly compute permu-
tations and combinations of symbols. To test symbolic comprehension in the academic area of “per-
mutations” and “combinations” in the unit “The Number of Cases and Probability” in high school
mathematics, we performed three examinations (1st, 2nd, and 3rd) and created a set of four ques-
tions: (a) 5P3 (1st and 2nd), 8P4 (3rd); (b) 6! (1st and 2nd), 7C3 (3rd); (c) 6C4 (1st), 8C3 (2nd); and
(d) 20C18 (1st), 16C14 (2nd). Questions (a) (1st to 3rd) and (b) (1st and 2nd) are permutation prob-
lems; questions (b) (3rd), (c) (1st to 3rd), and (d) (1st to 3rd) are combinatorial problems. The total
scores for permutations and combinations were each set to 0.5. A student was credited with a semi-
correct answer if that student mistakenly treated question (a) as a combination problem, question (c)
or (d) as a permutation problem. For the 1st and 2nd examinations, the scores for correct answers
were (a) 0.4 points, (b) 0.1 points, (c) 0.3 points, and (d) 0.2 points; and the scores for semi-correct
answers were (a) 0.2 points, (c) 0.15 points, and (d) 0.1 points. For the 3rd examination, the scores for
correct answers were (a) 0.5 points and (b) 0.5 points; and the scores for semi-correct answers were
(a) 0.25 points and (b) 0.25 points. We excluded students whose scores in both the permutation and
combination areas were less than 0.5 and used the remaining data for analysis.

We defined four learning stages: learning stage (1), in which correct answers are obtained by
considering and progressing in understanding both permutations and combinations between the 1st
and 2nd examinations; learning stage (2), in which semi-correct answers are influenced by the study
of combinations and are obtained despite little progress in understanding combinations between the
1st and 2nd examinations; learning stage (3), in which semi-correct answers are influenced by the
study of combinations between the 2nd and 3rd examinations; learning stage (4), in which correct
answers are obtained by considering the interrelationship with combinations between the 2nd and 3rd
examinations.

Three student groups were defined based on questions (a) through (d): (i) students with full points
in the permutation problems and partial points in the combination problem; (ii) students with partial
points in the permutation problems and full points in the combination problem; (iii) students with full
points in both the permutation and combination problems. We compared student groups (i) and (iii)
in learning stage (1), student groups (i) and (ii) in learning stages (2) and (3), and student groups (ii)
and (iii) in learning stage (4).

Definition 1 For an input X following a probability distribution q(x) and a function f(x, θ) from
R to R with parameter θ, consider a random variable Z on R with mean 0 and variance 1. Then
a random variable Y on R is called a function approximation model if it takes the following form:
Y := f(x, θ) + Z.

Definition 2 Given inputs x, θ0, the output Y of the two-layer neural network is defined as follows:

Y := f(x, θ0) = w3 tanh(w1x) + w4 tanh(w2x).
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Definition 3 The conditional probability p(y|x, θ) that the function approximation model Y follows
is defined as a statistical model, and if this statistical model realizes the true distribution, then the
conditional probability q(y|x) that the output Y follows is determined to be the true distribution:

p(y|x, θ) = 1√
2πσ

exp

(
−|y − f(x, θ)|2

2σ2

)
, q(y|x) = p(y|x, θ0) =

1√
2πσ

exp

(
−|y − f(x, θ0)|2

2σ2

)
.

The coordinate transformation from the parameters θ = (w1, w2, w3, w4) to the new parameters
ξ = (a, b, v, w) can be defined as follows:

a = w2 − w1, b =
w3 − w4

w3 + w4

, v =
w3w1 + w4w2

w3 + w4

, w = w3 + w4.

For the two student groups, let c be the average score for the combinatorial problem, d be the
average score for the permutation problems, and e and f be the numbers of students in the two
groups. The weights of the neural network can then be determined as follows: w′

1 = c, w′
2 = d, w3 =

e
e+f

, w4 = f
e+f

. Then, the score obtained by subtracting 0.5 from the average of the sum of the
permutation and combination results from the first to the third examinations is denoted as g = ce+df

e+f
=

w′
1w3 +w′

2w4, whereas the corresponding first to third examination scores are denoted as h1, h2, and
h3, respectively. Then, a correction for weights is determined as w1 = w′

1 ×
g
hi
, w2 = w′

2 ×
g
hi

.
Figure1 shows the average score, number of students, and correction coefficients for students who

gave correct answers (two left-most columns, two center columns) and semi-correct answers (two
right-most columns) to the interrelationship question (d) in the three examinations.

Figure 1: Examination results
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Parameter a is the difference between the average score for the permutation problems and the
average score for the combinatorial problem. Parameter b is the difference in the relative proportions
of the two student groups being considered.

We investigated this difference for selections of two groups from the three student groups (i),
(ii), and (iii). For a pair of selected groups, we can visualize the understanding of permutations and
combinations on the learning loss surface. For more details on the construction of neural networks
and learning loss surfaces, see [3], [4]. Here, the state of understanding is displayed as points for the
1st examination (blue), 2nd examination (red), 3rd examination (green), and 1st to 3rd examinations
(yellow). Student groups (i) and (iii) are shown on the left side of Figure 2; student groups (i) and (ii)
are shown in the center; and student groups (ii) and (iii) are shown on the right side.

Figure 2: Learning loss surface of symbolic comprehension

We next define the overlap singularity and the elimination singularity as singular regions.

Definition 4 An overlap singularity is defined as the region in the parameter space where θ satisfies

R0 := {θ ∈ R4|w1 = w2}.

An elimination singularity is defined as the region in the parameter space where θ satisfies

R1 := {θ ∈ R4|w3 = 0} ∪ {θ ∈ R4|w4 = 0}.

For the details of specifically a cross-overlap singularity in information science, see [4], and for the
details of specifically a near-elimination singularity and fast convergence, see [5].

3 Simulation
In the following sections, the results obtained from real data are used to perform simulations in which
the initial values are changed in 0.05 increments from −0.6 to 0.6 for a and from −1.1 to 1.1 for b
([4], [5]). In the figures, the initial values for the 1st (blue), 2nd (red), and 3rd (green) examinations
are indicated by ⊚, and the true distribution is indicated by ×. For the dynamics from the 1st to the
2nd examination, the initial value (simulation) is shown in blue, and the arrival value (simulation) is
shown in red. For the dynamics from the 2nd to the 3rd examination, the initial value (simulation) is
shown in red, and the arrival value (simulation) is shown in green.
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3.1 Analysis of students: learning stage (1)
We analyzed the change from the 1st to the 2nd examination to target the students who gave correct
answers. We can now consider the process of understanding the two concepts by comparing student
groups (i) and (iii).

The dynamics of the simulation with a varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 3.

Figure 3: a varied: correct answer

Learning begins from the state b = −0.28, where the proportion of student group (iii) is slightly
greater than that of student group (i). As the overgeneralization of combinations as permutations
increases (a decreases), a near-overlap singularity occurs due to the influence of the critical line a = 0,
stagnating at a = 0.16. Furthermore, an overlap singularity occurs under the influence of the critical
line a = w2 − w1 = 0. The state of the overgeneralization of combinations as permutations is large,
weights w1 and w2 both equal 0.45, since v = w3w1+w4w2

w3+w4
= 0.45, and there is no difference from the

overgeneralization of permutations as combinations. Finally a cross-overlap singularity occurs due
to the influence of the critical line a = 0, stagnating at a = −0.16. Since the proportion of student
group (iii) decreased from b = −0.28 to b = −0.83, the learning of combinations progresses and
a transformation of the permutational schema takes place. This can be considered a natural way of
understanding in the developmental process.

The dynamics of the simulation with b varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 4.

Figure 4: b varied: correct answer
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In this case, learning starts from a = 0.233, a state in which the overgeneralization of permutations
as combinations is highly large. As the proportion of student group (iii) increases (b decreases), a
becomes small when b < −0.74, b > 0.74 and converges (fast convergence) without the influence of
the critical line a = 0. From b = −0.28 to b = −0.74, the difference from the overgeneralization of
permutations as combinations becomes smaller, so that a positive transition occurs. From b = −0.74
to b = −0.83, the difference from the overgeneralization of permutations as combinations becomes
even bigger, leading to a negative transition. When the proportion of student group (i) increases (b
increases), a becomes small within −0.74 ≤ b ≤ 0.74 and a near-overlap singularity occurs. A
positive transition occurs as the difference from the overgeneralization becomes smaller.

3.2 Analysis of students: learning stage (2)
We analyzed the change from the 1st to the 2nd examination to target the students who gave semi-
correct answers. We can now consider the process of understanding the two concepts by comparing
student groups (i) and (ii).

The dynamics of the simulation with a varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 5.

Figure 5: a varied: semi-correct answer

Learning begins from the state (b = 0.55), where the proportion of student group (i) is larger than
the proportion of student group (ii). When the overgeneralization of combinations as permutations
increases (a decreases), the critical line b = 1 is affected and an elimination singularity occurs. Only
student group (i) is included; there is no student group (ii). If the overgeneralization of combinations
as permutations increases (a is smaller than -0.5), the learning of combinations does not progress and
a transformation of the permutation schema takes place. As the overgeneralization of permutations
as combinations increases (a increases), a near-overlap singularity occurs due to the influence of the
critical line a = 0, the difference in overgeneralization disappears from v = 0.25 (overlap singular-
ity), and a cross-overlap singularity occurs beyond the critical line a = 0. Since the proportion of
student group (i) increases slightly, the learning of combinations progresses and a transformation of
the permutational schema takes place.
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The dynamics of the simulation with b varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 6.

Figure 6: b varied: semi-correct answer

Learning starts from the state a = 0.09, where the overgeneralization of permutations as combina-
tions is large. First, as the proportion of student group (i) becomes larger (b increases), an overlap
singularity occurs under the influence of the critical line a = 0. When the overgeneralization of per-
mutations as combinations is large, weights w1 and w2 both equal 0.25, since v = 0.25, and there
is no difference from the overgeneralization of combinations as permutations. Therefore, a positive
transition occurs. When the proportion of student group (ii) becomes larger (b decreases), the same
transition as when the proportion of student group (i) becomes larger (b increases) occurs.

3.3 Analysis of students: learning stage (3)
In order to target students who are able to answer semi-correctly, we analyzed changes between the
2nd and 3rd examinations. We can now consider the process of understanding the two concepts by
comparing student groups (i) and (ii).

The dynamics of the simulation with a varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 7.

Figure 7: a varied: correct answer
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Learning begins from the state (b = 0.80), where the proportion of student group (i) is larger than the
proportion of student group (ii). The overgeneralization of combinations as permutations increases
(a decreases) and converges at a = −0.57 (fast convergence) without the influence of the critical line
a = 0. Since the proportion of student group (i) decreased from b = 0.80 to b = 0.49, a transformation
of the combinational schema takes place. As the overgeneralization of permutations as combinations
increases (a increases), the same transformation as when the overgeneralization of combinations as
permutations increases (a decreases) and fast convergence occur. The proportion of student group (ii)
increased slightly.

The dynamics of the simulation with b varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 8.

Figure 8: b varied: correct answer

In this case, learning starts from a = 0.03, a state in which the overgeneralization of permutations
as combinations is small. As the proportion of student group (ii) increases (b decreases), fast conver-
gence occurs without the influence of the critical line a = 0. The overgeneralization of permutations
as combinations is even greater, so that a negative transition occurs. As the proportion of student
group (ii) increases (b increases), fast convergence occurs without the influence of the critical line
a = 0. A large overgeneralization of permutations as combinations is suppressed, so that a nega-
tive transition occurs. By learning combinations (relearning permutations), the overgeneralization of
permutations as combinations can be suppressed from a = 0.46(0.58) to a = 0.37.

3.4 Analysis of students: learning stage (4)
In order to target students who are able to answer correctly, we analyzed changes between the 2nd and
3rd examinations. We can now consider the process of understanding the two concepts by comparing
student groups (ii) and (iii).

The dynamics of the simulation with a varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 9.
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Figure 9: a varied: semi-correct answer

Learning starts from b = 1 when only student group (iii) is included. As the overgeneralization of
combinations as permutations increases (a > −0.3 decreases), fast convergence occurs at a = −0.29
without the influence of the critical line a = 0. Moreover, the overgeneralization of combinations as
permutations increases (a < −0.3 decreases) and a near-overlap singularity occurs due to the influ-
ence of the critical line a = 0. Since the proportion of student group (iii) decreased from b = 1.0
to b = 0.73, a transformation of the combinational schema takes place. As the overgeneralization of
permutations as combinations increases (a increases), the same transformation as when the overgen-
eralization of combinations as permutations increases (a decreases) and fast convergence occurs at
a = −0.29.

The dynamics of the simulation with b varied, the change in training loss, and the dynamics on
the loss surface are shown in Figure 10.

Figure 10: b varied: semi-correct answer

Learning starts from the state a = −0.47, where the overgeneralization of combinations as permu-
tations is large. At first, as the proportion of student group (ii) becomes larger (b decreases), a near-
elimination singularity occurs due to approaching the critical line b = 1 and returning to the original
state. A positive transition occurs because a large overgeneralization of combinations as permutations
is suppressed. As the proportion of student group (iii) becomes larger (b increases), a cross-overlap
singularity occurs beyond the critical line a = 0. When the overgeneralization of permutations as
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combinations is large, weights w1 and w2 both equal 0.47, since v = 0.47, and there is no difference
from the overgeneralization of combinations as permutations. Furthermore, the overgeneralization of
permutations as combinations becoming large leads to a negative transition.

3.5 Direction of teacher guidance
By simulating changes in a and b, the transformation and transition of the schema can be assumed,
allowing the teacher to devise a teaching strategy.

3.5.1 Direction of teacher guidance: learning stage (1)

From varying a, by increasing the overgeneralization, a transformation of the schema of permutations
is caused to occur, and student understanding of both permutations and combinations progresses.
Students answered correctly and were able to identify the problem correctly as a permutation. It
appears that understanding is achieved by considering the interrelationship with permutations in trying
to understand combinations. From varying b, if we increase the proportion of student group (iii), the
overgeneralization of permutations as combinations increases and negative transitions occur. If the
proportion of student group (i) is increased, the overgeneralization of combinations as permutations
is reduced, and positive transitions occur. Although the problem is answered correctly, the above
relationship is affected by the overgeneralization of permutations as combinations. Therefore, even
after learning combinations, it is necessary to proceed with the relearning of permutations while still
paying attention to the understanding of permutations.

3.5.2 Direction of teacher guidance: learning stage (2)

From varying a, by increasing the overgeneralization, a transformation of the schema of permutations
is caused to occur, but student understanding of combinations progresses little. From varying b, if the
proportion of student group (ii) is increased, the overgeneralization of permutations as combinations
is reduced, and positive transitions occur when student understanding of combinations progresses.
Although the problem is answered partially correctly, the above relationship is not affected by the
overgeneralization of permutations as combinations. In symbolic comprehension, the proportion of
student group (ii) is not increased in the process of understanding the concept of “combinations” when
the students are given the opportunity to learn about combinations. Although the students answered
partially correctly to the interrelationship question, it can be assumed that the reason for these partially
correct answers is not symbolic comprehension. It is necessary to provide guidance for deepening
the understanding of combinations by considering the interrelationships between permutations and
combinations. Students need to be taught to make correct judgments for problems that require an
understanding of these interrelationships.

3.5.3 Direction of teacher guidance: learning stage (3)

By increasing the overgeneralization of permutations as combinations by varying a, the schema of the
combinations is changed. However, the proportion of student group (ii) is not increased, so the learn-
ing of combinations does not progress. From varying b, increasing the proportion of student group (i)
increases the overgeneralization of permutations as combinations, so that a negative transition occurs
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even as the learning of combinations progresses, but the overgeneralization of permutations as combi-
nations can be slightly suppressed by learning combinations (relearning permutations). Although the
problem is answered partially correctly, the above relationship is greatly affected by the overgeneral-
ization of permutations as combinations. This can be considered as result of a superficial understand-
ing of the developmental process. In symbolic comprehension, however, learning combinations does
not affect learning permutations, and thus it is considered necessary to learn combinations, paying
attention to the understanding of permutations even after learning combinations.

3.5.4 Direction of teacher guidance: learning stage (4)

By increasing the overgeneralization of combinations as permutations by varying a, the schema of
combinations is changed, but the learning of both permutations and combinations is improved. From
varying b, increasing the proportion of student group (ii) increases the overgeneralization of combi-
nations as permutations, so that a positive transition occurs even as the relearning of combinations
progresses. (The levels of understanding of both permutations and combinations are stable.) Ad-
ditionally, decreasing the proportion of student group (iii) increases the overgeneralization of per-
mutations as combinations, so that a negative transition occurs despite the learning of permutations
progressing little. Although the problem is answered correctly, the above relationship may be af-
fected by the overgeneralization of combinations as permutations due to an insufficient understanding
of permutations. Students need to be relearning permutations continuously to make correct judgments
in problems that require understanding the interrelationships between permutations and combinations
while still paying attention to the reduction in understanding permutations due to the influence of the
overgeneralization of permutations as combinations.

4 Application to symbolic comprehension in technical colleges

4.1 Preparation for analysis
As an example of the application of the learning system to education at a college of technology
(technical college), the academic area of permutations and combinations is taught at the end of the
first year, and the academic area of probability is not taught until the fourth year at the technical
college where I work. In this chapter, the neural network is trained using the 1st exam results for
the fourth-year technical college students (121 people) as initial values and the 2nd exam results
for the high school as true data. We visualized all data from the technical college and analyzed the
comprehension process for three classes (A, B, and C). Table 11 shows the mean scores, number of
examinees, and correction coefficients for the correct (two left-most columns, two center columns)
and semi-correct (two right-most columns) answers to the interrelationship question (d) in the 2nd
high school examination (again correcting for weights) and the technical college examination (overall,
three classes).
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Figure 11: Examination results

4.2 Analysis of students: learning stage (1)
4.2.1 Simulation of changing a

The dynamics of the simulation with a varied, the change in training loss, and the dynamics on the
loss surface are shown in Figure 12.

Figure 12: a varied: correct answer
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The technical college overall has a smaller initial value of b than the overall high school, with learning
beginning from the state b = −0.66, where the proportion of student group (iii) is greater than the pro-
portion of student group (i). As the overgeneralization of combinations as permutations increases (a
decreases), a near-overlap singularity occurs due to the influence of the critical line a = 0, stagnating
at a = −0.21. If a is sufficiently large, then weights w1 and w2 both equal 0.45, since v = 0.45, and
the overgeneralization of combinations as permutations and the overgeneralization of permutations
as combinations are equal (overlap singularity). Also, as the overgeneralization of permutations as
combinations increases (a increases), a near-overlap singularity again occurs, due to the influence of
the critical line a = 0, this time stagnating at a = 0.21. As the overgeneralization further increases
(a increases further), a near-elimination singularity occurs with a large proportion of student group
(iii) due to the influence of the critical line b = −1. Finally, weights w1 and w2 both equal 0.45, since
v = 0.45, and the overgeneralization of combinations as permutations and the overgeneralization of
permutations as combinations are equal (overlap singularity). Since the proportion of student group
(iii) has decreased from b = −0.65 to b = −0.79, the learning of combinations progresses and a
transformation of the permutational schema takes place. This can be considered a natural way of
understanding in the developmental process.

4.2.2 Comparing three classes

The dynamics of the simulation and the changes in learning loss are shown in Figure 13, comparing
the three classes A (left), B (center), and C (right).

Figure 13: a varied: correct answer

(1) Class A
Learning begins from the state b = −0.68, where the proportion of student group (iii) is greater
than the proportion of student group (i). As the overgeneralization of combinations as permuta-
tions increases (a decreases), a near-overlap singularity occurs due to the influence of the critical
line a = 0, stagnating at a = −0.21. If a is sufficiently large, then weights w1 and w2 both
equal 0.45, since v = 0.45, and the overgeneralization of combinations as permutations and the
overgeneralization of permutations as combinations are equal (overlap singularity). Also, as
the overgeneralization of permutations as combinations increases (a increases), a near-overlap
singularity occurs due to the influence of the critical line a = 0, in this case stagnating at
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a = 0.21. As the overgeneralization further increases (a increases further), a near-elimination
singularity occurs with a large proportion of student group (iii) due to the influence of the crit-
ical line b = −1. Since the proportion of student group (iii) has decreased from b = −0.68 to
b = −0.79, the learning of combinations progresses and a transformation of the permutational
schema takes place.

(2) Class B
Learning begins from the state b = −0.77, where the proportion of student group (iii) is greater
than the proportion of student group (i). As the overgeneralization of combinations as permu-
tations increases (a decreases), a near-overlap singularity occurs due to the influence of the
critical line a = 0, stagnating at a = −0.24. As the overgeneralization further progresses (a
increases), a near-elimination singularity occurs with a large proportion of student group (iii),
due to the influence of the critical line b = −1. Even if a is sufficiently large, the overgener-
alization is not equal (overlap singularity). Also, as the overgeneralization of permutations as
combinations increases (a increases), there is stagnating at a = 0.28. Since the proportion of
student group (iii) does not change, no transformation of the permutation schema occurs.

(3) Class C
Learning begins from the state b = −0.52, where the proportion of student group (iii) is greater
than the proportion of student group (i). As the overgeneralization of combinations as permu-
tations increases (a decreases), a near-overlap singularity occurs due to the influence of the
critical line a = 0, stagnating at a = −0.18. Further, a cross-overlap singularity phenomenon
occurs, stagnating at a = 0.25. Finally, weights w1 and w2 both equal 0.45, since v = 0.45,
and the overgeneralization of combinations as permutations and the overgeneralization of per-
mutations as combinations are equal (overlap singularity). Also, as the overgeneralization of
permutations as combinations increases (a increases), there is stagnating at a = −0.25, 0.18.
Since the proportion of student group (iii) has decreased from b = −0.52 to b = −0.78, the
learning of combinations progresses and a transformation of the permutational schema occurs.

4.2.3 Simulation of changing b

The dynamics of the simulation with b varied, the change in training loss, and the dynamics on the
loss surface are shown in Figure 14.

Figure 14: b varied: correct answer
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The overall technical college has a bigger initial value of a than the overall high school, with learn-
ing beginning from the state a = 0.230, a state in which the overgeneralization of permutations as
combinations is large. As b changes, a becomes small within −0.76 ≤ b ≤ 0.76 and a near-overlap
singularity occurs. A positive transition occurs as the difference from the overgeneralization that
occurs becomes smaller. As b continues to change, a stagnates, this time when b < −0.76, 0.76 < b.

4.2.4 Comparing three classes

The dynamics of the simulation and the changes in learning loss are shown in Figure 15, comparing
the three classes A (left), B (center), and C (right).

Figure 15: b varied: correct answer
(1) Class A

Learning begins from the state a = 0.26, a state in which the overgeneralization of permu-
tations as combinations is large. As b changes, a becomes small within −0.80 ≤ b ≤ 0.80
and a near-overlap singularity occurs. A positive transition occurs as the difference from the
overgeneralization that occurs becomes smaller. As b continues to change, this time a stagnates
when b < −0.80, 0.80 < b.

(2) Class B
Learning begins from the state a = 0.09, a state in which the overgeneralization of permutations
as combinations is somewhat large. As b changes, a becomes large and converges without the
influence of the critical line a = 0 (fast convergence). Overgeneralization of permutations as
combinations is even bigger, so that a negative transition occurs.

(3) Class C
Learning begins from the state a = 0.28, a state in which the overgeneralization of permu-
tations as combinations is large. As b changes, a becomes small within −0.82 ≤ b ≤ 0.82
and a near-overlap singularity occurs. A positive transition occurs as the difference from the
overgeneralization that occurs becomes smaller. As b continues to change, this time a stagnates
when b < −0.82, 0.82 < b.
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4.3 Analysis of students: learning stage (2)
4.3.1 Simulation of changing a

The dynamics of the simulation with a varied, the change in training loss, and the dynamics on the
loss surface are shown in Figure 16.

Figure 16: a varied: semi-correct answer

The overall technical college has a bigger initial value of b than the overall high school, with learning
beginning from the state b = 0.77, where the proportion of student group (i) is greater than the pro-
portion of student group (ii). When the overgeneralization changes, a near-overlap singularity occurs
due to the influence of the critical line a = 0, stagnating at a = ±0.09. Furthermore, an elimination
singularity occurs due to the influence of the critical line b = −1 when a < −0.4, 0.35 < a, resulting
in only student group (i). In particular, as the overgeneralization of combinations as permutations in-
creases (a decreases), the overgeneralization is not suppressed, and also as the overgeneralization of
permutations as combinations increases (a increases), and then a cross-elimination singularity occurs
due to the influence of the critical line a = 0, stagnating at a = 0.07. Since the proportion of student
group (ii) has decreased from b = 1 to b = 0.77, the learning of combinations does not progress and
a transformation of the permutational schema takes place.

4.3.2 Comparing three classes

The dynamics of the simulation and the changes in learning loss are shown in Figure 17, comparing
the three classes A (left), and B and C (right).

Figure 17: a varied: semi-correct answer
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(1) Class A
Learning begins from the state b = 0.5, where the proportion of student group (i) is greater than
the proportion of student group (ii). When the overgeneralization of combinations as permuta-
tions changes, a near-overlap singularity occurs due to the influence of the critical line a = 0,
stagnating at a = −0.03 and finally an elimination singularity occurs due to the influence of
the critical line b = 1. When the overgeneralization of permutations as combinations changes,
a near-overlap singularity occurs due to the influence of the critical line a = 0, stagnating at
a = 0.03 and finally a cross-overlap singularity occurs due to the influence of the critical line
a = 0 , stagnating at a = −0.08. Since the proportion of student group (ii) has decreased from
b = 1.0 to b = 0.5, the learning of combinations does not progress and a transformation of the
permutational schema takes place.

(2) Classes B and C
Learning begins from the state b = 1.0, which means which means learning is only in student
group (i). As b changes, an elimination singularity occurs, which is only in student group (i),
due to the critical line b = 1. The learning of combinations does not progress and a transforma-
tion of the permutational schema takes place.

4.3.3 Simulation of changing b

The dynamics of the simulation with b varied, the change in training loss, and the dynamics on the
loss surface are shown in Figure 18.

Figure 18: b varied: semi-correct answer

The overall technical college has a bigger initial value of b than the overall high school, with learning
beginning from the state a = −0.18, where the overgeneralization of combinations as permutations
is large. As b changes, a near-overlap singularity occurs due to the influence of the critical line a = 0,
stagnating at a = −0.03. The overgeneralization of combinations as permutations becomes smaller,
and therefore a positive transition occurs.
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4.3.4 Comparing three classes

The dynamics of the simulation and the changes in learning loss are shown in Figure 19, comparing
the three classes A (left), and B and C (right).

Figure 19: b varied: semi-correct answer

(1) Class A
Learning begins from the state a = −0.22, where the overgeneralization of permutations as
combinations is large. As b changes, a near-overlap singularity occurs due to the influence of
the critical line a = 0, stagnating at a = −0.01. The overgeneralization of permutations as
combinations becomes smaller, so a positive transition occurs during the learning process.

(2) Classes B and C
Learning begins from the state a = −0.25, where the overgeneralization of combinations as
permutations is large. As b changes, a near-overlap singularity occurs due to the influence of
the critical line a = 0 when b < −0.48, 0.28 < b. When b = −0.48, 0.28, weights w1 and w2

both equal 0.26, since v = 0.26, and the overgeneralization of combinations as permutations
and the overgeneralization of permutations as combinations are equal (overlap singularity). The
overgeneralization of combinations as permutations becomes smaller, so positive transitions
occur. Furthermore, a cross-overlap singularity occurs, stagnating at a = 0.035 when −0.48 <
b < 0.28. In addition, the overgeneralization of permutations as combinations becomes large,
which leads to a negative transition.

4.4 Overall analysis of technical college and comparison of three classes
4.4.1 Correct answer

For the overall technical college, by changing the overgeneralization, a transformation of the schema
of permutations occurs, and the learning of both permutations and combinations progresses. By
changing the proportions of student groups, the overgeneralization of permutations as combinations
becomes small, and positive transitions occur. If the proportion of student group (iii) increases, the
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overgeneralization of combinations as permutations becomes small, and therefore apparently correct
answers are unlikely to occur.

For class A, if the overgeneralization of combinations as permutations is sufficiently large, all
students are in student group (iii). By changing the proportions of any student group, the overgen-
eralization of permutations as combinations becomes small and positive transitions occur. For class
B, even if the overgeneralization is sufficiently large, not everyone will be in student group (iii). By
changing the proportions of any student group, the overgeneralization of permutations as combina-
tions becomes big and negative transitions occur. For class C, if the overgeneralization is sufficiently
large, all are in student group (iii). By changing the proportions of any student group, the overgener-
alization of permutations as combinations becomes small and positive transitions occur.

In classes A, learning should be promoted so that symbolic comprehension of combinations in-
creases by the influence of the overgeneralization of combinations as permutations. In class B, there
is little change in the proportion of any student group during the learning process, but the learning
proceeds with attention to the overgeneralization of permutations as combinations, and with consid-
eration of the interrelationships. In class C, learning should be promoted so that understanding of
permutations does not deteriorate with attention to the overgeneralization of permutations as combi-
nations.

4.4.2 Semi-correct answer

For the overall technical college, learning begins where students with semi-correct comprehension
exist. If the change in overgeneralization is sufficiently large, all students are in student group (i).
Therefore, a transformation of the schema of permutations occurs. Even if the overgeneralization of
permutations as combinations increases, the proportion of student group (ii) is not increased. Also, it
is difficult to consider this as a possible error in the developmental process, since the understanding of
combinations progresses little. If the proportion of student group (ii) increases, the overgeneralization
of combinations as permutations is suppressed and positive transitions occur as the understanding of
combinations progresses.

For class A, learning begins where the overgeneralization of combinations as permutations is large
and class A includes students who are semi-correct. If the proportion of student group (ii) increases,
the overgeneralization of combinations as permutations becomes small. Thus, positive transitions
occur as the understanding of combinations progresses. If the overgeneralization of permutations as
combinations increases, the opposite overgeneralization becomes big and the proportion of student
group (ii) decreases. For classes B and C, learning begins where the overgeneralization of combina-
tions as permutations is large. If the proportion of student group (ii) increases, the overgeneralization
of combinations as permutations becomes small. Thus, positive transitions occur as the understanding
of combinations progresses. If the proportion of student group (i) is close to the proportion of student
group (ii), then the opposite overgeneralization becomes big, which may be affected by the overgen-
eralization of permutations as combinations. Students for whom the semi-correct factor is symbolic
comprehension may be included.

In class A, learning can be promoted to reduce the number of students for whom the semi-correct
factor is symbolic comprehension by increasing the overgeneralization of permutations as combina-
tions. Since the overgeneralization of combinations as permutations has little effect, the learning of
interrelationships should be promoted. In classes B and C, although no students have a semi-correct
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factor in symbolic comprehension, the permutation schema needs to be transformed. In this process,
it is necessary to promote the learning of interrelationships with an emphasis on combinations and
with attention to the overgeneralization of permutations as combinations.

5 Conclusion
In this paper, a learning system was constructed to simulate a loss surface defined by a neural network.
We analyzed results regarding the dynamics on the loss surface and proposed learning guidance in
singular regions (overlap singularity phenomenon and elimination singularity phenomenon).

First, we analyzed the understanding of symbols in the two concepts of permutations and combina-
tions in a high school. Next, as an application of the learning system, we analyzed the understanding
in a technical college. More students who answered correctly in the technical college understood
both permutations and combinations than in the high school. Even with a change in the proportion of
those who answered correctly, the change in overgeneralization at the technical college was less than
the change in overgeneralization at the high school. Students who answered semi-correctly in the
technical college made up a higher proportion of student group (i) than those in the high school. Even
with a change in overgeneralization, the change in the proportion of student group (i) at the technical
college was less than the change of the proportion at the high school.

Moreover, we compared three classes at the technical college and proposed learning guidance.
Further data will be collected to improve the accuracy of the true distribution to ensure the visualiza-
tion of comprehension.
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